We show the equivalence between Stückelberg and Wess-Zumino methods of restoration of gauge symmetries of the anomalous, Abelian, effective action, in arbitrary even dimensions D = 2k. We present dual version of Wess-Zumino terms with the compensating field described by a Kalb Ramond like p = 2k−2
By now we known that the anomalous behavior of classical symmetries caused by quantum matter effects is encoded in the anomalous effective action either of gauge fields or gravity [1] , [2] . Anomalous effective action reflects the incompatibility of various classical symmetries at the quantum level. Therefore, the best one can do quantum mechanically is to preserve one of the symmetry on the expense of the other in non-chiral models, while in chiral models even this choice is not possible. Various proposals to restore broken symmetries at the quantum level have been put forward. One of these proposals, largely exploited in the literature, is based on ad hoc construction of additional local terms in the anomalous effective Lagrangian, known as Wess-Zumino terms [3] , which restore the broken symmetry of the modified effective Lagrangian L inv = L ef f + L W Z . On the other hand, another approach, apparently unrelated to Wess-Zumino idea, was introduced in order to make classical, massive, Proca theory gauge invariant, and is known as the Stückelberg compensating formalism [4] . We conjecture that both above-mentioned methods could be equivalent. Our motivation is that both methods achieve the same goal, i.e. to restore a broken gauge invariance of an Abelian vector theory. In this letter we would like to clarify the conjectured equivalence between Stückelberg and Wess-Zumino methods. Let us start by recalling the Wess-Zumino idea of restoring gauge invariance in anomalous effective gauge theories. To maintain pedagogical transparency we shall start from the simple and well known 2D effective anomalous Lagrangian of the Schwinger model [5] which is given by
(1) was obtained from a Dirac fermion matter Lagrangian, having both vector and axial U(1), classical, gauge symmetries. In order to treat the quantum breaking of classical symmetries on the same footing we have introduced an arbitrary, regularization dependent, parameter a [6] in the effective Lagrangian (1). The effective Lagrangian L ef f varies, under gauge transformation
Eq.(2) shows the gauge non-invariance of the 2D effective Lagrangian, which is the origin of the gauge anomaly. One could object that the gauge invariance can be restored by a suitable choice of the arbitrary parameter a as a = 0. However, this choice would simply shift the anomaly from the vector to the axial current. We want to show how both axial and vector symmetries can be restored simultaneously at the quantum level, for any choice of a. Therefore, we shall keep the parameter a arbitrary throughout the paper. In order to restore gauge invariance in (1), Wess and Zumino have proposed to construct a suitable, local, term whose gauge variation cancel the gauge variation of the effective Lagrangian. A straightforward guess for the Wess-Zumino Lagrangian would be
where, one introduces the scalar field φ(x) transforming as δ Λ φ(x) = Λ(x) under gauge transformations. However, careful examination of such Wess-Zumino Lagrangian shows that it is gauge non-invariant, not only due to the non-invariance of φ, but also due to the explicit dependence on the gauge field A. Therefore, additional kinetic term for φ field is needed to compensate non-invariance coming from the gauge field itself, leading to the correct form of the 2D Wess-Zumino Lagrangian for the Schwinger model:
Once the modified effective Lagrangian L inv is defined as
then, one can verify that the addition of Wess-Zumino piece ensures the gauge invariance of the total effective Lagrangian for any choice of the parameter a. In this way, the WessZumino idea achieves its goal. On the other hand, a quick look at (5) shows that it can be re-written as
Thus, starting from gauge non-invariant Lagrangian (1), and making it gauge invariant following Wess-Zumino prescription, we got the invariant effective Lagrangian (6), which is nothing else but the gauge invariant massive Lagrangian originally proposed by Stückelberg for Proca theory. Reversing the conclusion, we have shown that the advocated Stückelberg origin of the Wess-Zumino terms leads to the equivalence of the two methods. Encouraged by this toy model, one can proceed further and generalize the above result to any Abelian anomalous gauge theory. Notice that the relation between Wess-Zumino terms in the effective Lagrangian and Stückelberg mass term is specific to 2D since it is only in 2D that a quantum anomaly induces a mass term for the gauge field. Anomalies in higher dimensions do not give origin to the mass term, but a simple generalization of the Stückelberg idea allows to proceed along the same line as in 2D to prove the equivalence of the Wess-Zumino and Stückelberg approach. In fact, Stückelberg compensation of noninvariant, Abelian, vector theories is achieved by the substitution of the complete field A µ with the combination A µ − ∂ µ φ, where φ is a compensating scalar field transforming as δ Λ φ = Λ. from the previous discussion it follows that to implement the compensation mechanism one needs the explicit form of the anomalous effective Lagrangian. Recently, we have obtained the general form of the anomalous Lagrangian in arbitrary even dimensional (D ≡ 2k) space-time:
where, e and g are the vector and axial coupling constants. Except than in the very special 2D case, both the vector field A µ and the axial field A 5 µ are independent gauge potentials, corresponding to anomalous local symmetries. m max is a maximal integer number compatible with the restriction 0 ≤ m ≤ (k − 1)/2, imposed by the anomalous Feynman diagrams in even dimensions. Details can be found in Ref. [7] . As a check, one can obtain the Schwinger model anomalous effective Lagrangian (1) by putting k = 1, m = 0 in (7) and exploiting the 2D relation A µ = ǫ µν A ν 5 . Now we are ready to address the Stückelberg derivation of Wess-Zumino terms in full generality. A gauge invariant Stückelberg Lagrangian can be obtained from (7) by replacing A µ and A 5 µ with the corresponding compensated potentials:
Dealing with two independent vector and axial vector gauge fields, one needs two, independent Stückelberg compensators φ and φ 5 . Straightforward manipulations of the above Lagrangian lead to the equivalent Wess-Zumino form:
where, we neglected surface terms. In the Wess-Zumino part of the Lagrangian we have introduced the following definitions
and
One indeed recognizes the additional terms in (9) as Wess-Zumino terms. This gives the proof of equivalence of the two methods for arbitrary spacetime dimension. For the record, 1 Eq.(11) and eq.(10) are defined as the most general expressions which allow to transform ǫφF into X∂φ eq. (9) . Dependence on the parameter m counts the number of ways in which this can be done.
only the term X 5 µ with a = 0 can be found in the literature. One is indeed free to preserve at the quantum level one of the two classical symmetries by a proper choice of the regularization method. Accordingly, the anomaly is conventionally shifted in the divergence of the axial current. However, we have proven that one can restore both symmetries simultaneously, for any value of a, through the construction of independent Wess-Zumino terms. This result may be of particular importance for chiral models where none of the classical symmetries can be preserved at the quantum level [8] .
In a recent paper we have studied a Proca theory where gauge symmetry is explicitly broken by a classical, mass term. This theory has been made gauge invariant by the introduction of the Stückelberg scalar compensator, and proven to be dual to the B ∧ F model [9] . On the other hand, in the first part of the present paper we have extended the notion of Stückelberg compensation to gauge non-invariant anomalous theories at the quantum level, and proven the equivalence between the Stückelberg and Wess-Zumino methods. Combining the results of the present paper and the ones in [9] , we conjecture that the duality ideas of the latter should apply to the former. We mean that the scalar compensator in the Wess-Zumino terms, in (9), can be dualized to a Kalb-Ramond-like p = 2k − 2 forms. In order to achieve this we adopt general dualization procedure described in [9] . One starts from a suitably chosen parent Lagrangian L P which, in the present case, turns out to be of the form
where, X µ 1 ...µ 2k−1 and X 5 µ 1 ...µ 2k−1 are Hodge duals of (11) and (10) . φ and φ 5 are Stückelberg scalar compensators which will be dualized to Kalb-Ramond-like fields. H and H 5 are a priori independent fields in the parent Lagrangian (12) . We have also introduced dimensionless constants f , f 5 (numbers) in front of X and X 5 in order to identify quantum symmetry breaking terms at various stages of calculation. These factors are not present in the original Lagrangian (9) . Thus, in order to achieve invariance of the anomalous theory we have to take f = f 5 = 1 when calculating appropriate variations. It is worth mentioning the important point regarding the construction of L P . The parent Lagrangian must have certain symmetry properties which will be reflected in the (dual) theories derived from it. Let us require the gauge invariance of the complete Lagrangian L inv as δ Λ L inv ≡ δ Λ L P + δ Λ L ef f = 0 Then, it turns out that the variations of the terms involving 2 We assign canonical dimensions (in units of mass) as follows: classical mass parameters cancel among themselves in (12) . On the other hand, variations of the (quantum) terms involving dimensionless f and f 5 cancel against the variations of the effective Lagrangian (7). The dualization proceeds as follows: varying (12) with respect to H we find the solution
and re-inserting the solution back into L P , we find the Stückelberg-like model
The first two terms in the Lagrangian (15) are gauge invariant mass terms, while the last two terms correspond to Wess-Zumino terms of (9) . In this way both classical and quantum non-invariances have been improved by the same scalar compensator φ transforming as δ Λ φ = Λ. The Lagrangian dual to (15) is obtained by varying the parent Lagrangian (12) with respect to both scalars φ, φ 5 . In this way we get
Re-inserting 16 and 17 back into (12) we find the dual Lagrangian:
which can be suitably re-written as
(20)
L dual has been split in two terms: L BF corresponds to the classical B ∧ F (without quantum anomaly), which is dual to the mass term in (15); L W Z provides the dual version of the Wess-Zumino terms in (15). Thus, (18) and (15) 
There is also an additional tensor gauge transformation of the p = 2k − 2 Kalb-Ramond fields described as
which is still an invariance of the dual Lagrangian, and it is anomaly free. Furthermore, in case of classical duality there is no need for additional gauge transformations of B since B ∧ F term is automatically gauge invariant.
For the choice a = 0 the above formulae reproduce results of [10] . One can verify that the gauge transformations of the Kalb-Ramond compensator in (29) agree with the ones found in supergravity [11] . This result suggests both a natural SUSY extension of the gauge theory discussed in this paper, and gives further support to the role of the Kalb-Ramond fields as a Stückelberg compensator, i.e. field transforming under vector and axial vector gauge transformations. In summary, we have shown the equivalence of the Stückelberg and Wess-Zumino methods to restore the gauge invariance of an anomalous Abelian theory of massive one-forms. Combining this equivalence with the results about classical duality between Stückelberg and B ∧ F theories, we have found a new, dual, form of Wess-Zumino terms. Massless limits M → 0 , M 5 → 0 cannot be performed as a consequence of the flipping between "strong/weak coupling" regimes. Thus, in order to produce dual theory one has to have classical mass terms form the start. The application of the method described in this letter to non-Abelian, anomalous gauge theories is currently under investigation. We are developing a non-Abelian dualization procedure acting on Yang-Mills fields coupled to Kalb-Ramond tensors [12] . What we are looking for is the generalization of the anomalous effective action (7) in the non-Abelian case. Once this goal will be brought to a success, we shall be able to build up the non-Abelian version of the model discussed in this letter.
